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Convective instability of an acidity front in Hele-Shaw cells

Tamás Bánsági, Jr., Dezso˝ Horváth, and Ágota Tóth*
Department of Physical Chemistry, University of Szeged, P.O. Box 105, Szeged H-6701, Hungary
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Density fingering arising in the acid-catalyzed chlorite-tetrathionate reaction is investigated experimentally
in Hele-Shaw cells of various thickness. Upward propagating chemical fronts are stable for all gapwidths
examined. The initial evolution of the downward propagating planar fronts resulting in a cellular structure has
been characterized by dispersion curves and it is found that the convectively unstable regime increases as the
gapwidth increases. From the dispersion curves, the change in the characteristics of the most unstable mode
and in the marginal wave number, separating the stable and unstable modes, is determined quantitatively.
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I. INTRODUCTION

Convection may play a major role in spatiotemporal p
tern formation in addition to diffusion@1#. The fluid motion
affects the velocity and the shape of chemical fronts via
orientation of the reaction vessel and the change in the d
sity of the solution in the course of the autocatalytic react
@2–4#. The density may vary because of the compositio
change and—for exothermic reactions—the thermal exp
sion of the solution. The latter has generally smaller con
bution, since experiments are carried out in narrow vesse
various geometry providing sufficient heat removal to t
surroundings. Initially the effect of convection on autoca
lytic reactions in aqueous solutions has been studied in
tubes with addressing the variation of front velocity and
sually describing the shape of the reaction front as a resu
one or two convection rolls forming in the reaction ves
@3,5#. In a Hele-Shaw cell@6#, consisting of a thin layer of
solution between two planar walls with a small gapwidth, t
system is effectively two-dimensional allowing a potenti
flow model for fluid dynamics. Experiments carried out
Hele-Shaw cells@7–10#, therefore, provide essential data
theories studying the interaction between the hydrodyna
flow and a propagating chemical front. In the iodate-arsen
acid reaction, for example, the arising cellular patterns h
a distinct wave number with a well-defined amplitude@8# in
accordance with the dispersion relation determined exp
mentally by Böckmann and Mu¨ller @9#. Previously we have
investigated quantitatively the effect of orientation on t
evolution of cellular patterns at a constant change in den
for acid-catalyzed fronts of the chlorite-tetrathionate react
@10#. We have shown that the high-frequency modes are
bilized by diffusion in the buoyantly unstable orientation a
the surface tension at the interface between the reactan
product solutions plays no role in the pattern formation.

The theoretical studies describing the influence of conv
tion on autocatalytic fronts either consider the chemical
action as an infinitesimally narrow zone separating two
lutions of different density@11# or use the full balance
equations for the important components—to incorpor
chemistry—yielding a continuous variation of density acro
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the front @12#. For the fluid flow in thin layers of solution
Darcy’s law applicable in porous media or the more elab
rate Navier-Stokes equation is considered generally. Hu
and Edwards@11# have applied the latter to describe the h
drodynamics along with a thin-front approximation of a typ
cal autocatalytic system. The results of this model have b
compared with experimental data@9,10# and proved to be
good starting points for refining theoretical consideratio
@13#. In a different approach, De Wit and co-workers@12,14#
have used Darcy’s law for fluid flow and included the fu
reaction term in the governing equations to allow a contin
ous change of density between the reactant and product
ture for both the iodate-arsenous acid and the chlor
tetrathionate reactions.

The numerical works have shown that the pattern form
tion is significantly affected by the gapwidth of the Hel
Shaw cell@11,12,14#, which hasn’t been studied experime
tally in detail. Our aim is to determine experimentally ho
the dispersion relation characterizing the stability of plan
fronts of the chlorite-tetrathionate reaction depends upon
systematic variation of the gapwidth of the Hele-Shaw ce

II. EXPERIMENT

Reagent-grade chemicals~Sigma, Aldrich, Reanal! were
used throughout the work, except for sodium chlorite~Ald-
rich, tech.!, which was recrystallized, as described previou
@15#. The solution with composition in Table I was mixe
and injected into a Hele-Shaw cell of 16 cm312 cm area
and 0.40–1.04 mm gapwidth with Plexiglas walls at te
perature 2561°C. In some experiments one of the Plexigl
walls was replaced with an aluminum plate of the sa
thickness. Planar fronts were initiated either electroche
cally by applying a 3 V potential difference between a pair
thin Pt-wire electrodes~0.25 mm in diameter! for 2–3 s or by
placing a thin paper containing the product solution on top
the cell.

TABLE I. Composition of reactant solution.

@K2S4O6#/M 0.005
@NaClO2#/M 0.020
@NaOH#/M 0.001
@Congo red#/mM 0.574
©2003 The American Physical Society03-1
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The traveling fronts were monitored through an approp
ate cutoff filter—to enhance contrast between reacted
fresh solutions—by a monochrome change-coupled de
~CCD! camera connected to an MVdelta imaging ca
Frames of 7683576 pixels were digitized in 0.6–3 s inte
vals and processed by applying standard imaging procedu

To determine dispersion curves for various gapwidths
one-dimensional Fourier transformation using the FFTPA
software library from NETLIB repository has been appli
with a Hann window for proper resolution of the spect
From the initial linear regime of the time evolution of th
Fourier amplitudes, the growth rates are calculated for e
modes as the slopes of the straight lines of the logarithm
the amplitudes vs time curves. The results of at least
experiments have been averaged for each dispersion c
The most unstable mode has been determined as the m
mum of the parabola fitted to the middle section of the d
persion curve containing the largest growth rates. The m
ginal wave numbers separating the unstable modes from
stable one have been obtained from the wave numbers c
to zero growth rate by fitting a straight line to the four ne
est points. The dispersion curves obtained using the diffe
initiation methods were identical within the experimental
ror; therefore, the electrochemical initiation was us
throughout our work because of its technical simplicity.

The density change due to isothermal composition cha
was measured asDrC53.831024g/cm3 previously @10#.
The thermally induced density change was calculated fr
the temperature profiles obtained in a separate set of ex
ments. A thin thermocouple was placed in the solution a
the temperature was measured and found to show a su
rise at the front—in the range of 0.5–1.0 K with increasi
gapwidth but considerably less than the adiabatic 2.4
@10#—followed by a significantly slower drop with rates in
creasing on decreasing the gapwidth. In cells with an alu
num wall on one side the temperature rise was 0.14 K for
thickest cell. The change in temperature was character
both with the maximum of the temperature profiles (DTm)
and with the average temperature rise (DTa) calculated for
the product solution within the convectional length scale~see
Table II!. The density change due to the thermal expans
was approximated in dilute solutions from that of water
22.5731024 g/(cm3 K)DT. The observed temperature pr
files were in accordance with the exothermicity of the ch
rite oxidation of tetrathionate@10#.

TABLE II. Increase in temperature~averageDTa and the maxi-
mum DTm) for various gapwidths.

a/mm DTa /K DTm /K

0.40 0.28 0.53
0.51 0.34 0.54
0.59 0.33 0.52
0.71 0.51 0.78
0.81 0.67 0.87
0.91 0.68 0.95
1.04 0.73 0.94
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III. RESULTS AND DISCUSSION

Under our experimental conditions the product solution
denser than the reactant one; therefore, downward propa
ing planar fronts lose stability, leading to cellular structur
shown in Fig. 1. In the opposite orientation, however, fro
propagating upwards are stable as illustrated by the dis
sion curves of Fig. 2, since for every wave number the ini
perturbations decay in time. The downward propagat
fronts at the same time exhibit positive growth rates fo
finite regime of wave numbers indicating that the rando
noise within the initially planar front is amplified by convec
tion. The patterns evolve simultaneously~see Fig. 3!—
similar to diffusion-driven lateral instabilities of reaction
diffusion systems@16#—with an average wavelength of 3.
mm increasing to 5 mm on decreasing the gapwidth and w
an amplitude decreasing drastically, as shown in Fig.
While the upward propagating front settles at the propa
tion velocity of the pure reaction-diffusion front, in the buo
antly unstable orientation not only fingers appear but also
velocity of propagation increases as the arising convec
enhances the mixing of the reacting species. The ini
growth of fingers monotonously slows down as the gapwi
decreases although the characteristic wavelength only s
to increase at a smaller gapwidth of 0.6 mm.

FIG. 1. Images of fronts propagating downwards fora
50.81 mm att554 s ~top! and fora50.40 mm att5184 s~bot-
tom!. Darker regions represent the denser product solution
lighter the reactant.

FIG. 2. Dispersion curves for downward propagating (s) and
upward propagating (d) fronts with a51.04 mm gapwidth.
3-2
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From the initial regime of the temporal evolution of th
fingers~e.g., from data corresponding to front profiles up
35 s in Fig. 3!, the dispersion curves have been determin
for various gapwidths, as illustrated in Fig. 4. The observ
average wavelength always lies in the vicinity of the mo
with the highest growth rate confirming that the initial pa
tern is governed by the most unstable mode. The rang
instability appears unchanged and hence the marginal w
number is constant down to a gapwidth of 0.6 mm and th
decreases on further decreasing the gapwidth. There i
significant change or trend within the experimental error
the ratio ofk0 /km52.0460.04, similar to that in the study
of orientation dependence@10#. We have determined th
characteristics of the most unstable mode as a function
gapwidth shown in Fig. 5, which indicates that Darcy’s la
may be applicable below 0.6 mm. In the iodate-arsenous
reaction@9# similar limit has been observed, since the chan
in density and the size of the initial fingers have the sa
magnitude for both reactions@9#. In thicker Hele-Shaw cells
the wave number of the most unstable mode becomes al
constant (;1.7 mm21) in accordance with the visually ob
served characteristic wavelength. The growth rate of
most unstable mode, however, exhibits a continuous incre
in the entire range of gapwidth studied although with cons

FIG. 3. Evolution of fingers for an initially planar front propa
gating downwards witha50.81 mm andDt54 s.

FIG. 4. Dispersion curves fora50.40 mm (L), a50.59 mm
(n) mm, anda51.04 mm (s). The solid lines correspond to th
fitted parabolas with zero origin to determine the fastest grow
mode.
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erably smaller rate abovea50.9 mm, which is the genera
behavior when the fluid flow is described by the Navie
Stokes equation@9,11#.

In these experiments the walls of Hele-Shaw cells w
made of Plexiglas, which may act as an insulator in the sh
time scale of the experiments, therefore the contribution
small rise in temperature to the overall change in den
may not be neglected even though the gaps utilized are r
tively thin. Separate experiments have therefore been car
out where one of the walls is replaced by a conducting a
minum wall that enhances the heat removal, resulting i
smaller temperature increase and hence a larger net de
increase. The dispersion curves of Fig. 6 obtained for

g

FIG. 5. The growth rate and the wave number of the most
stable mode as a function of the gapwidth of the Hele-Shaw ce

FIG. 6. Dispersion curves for Hele-Shaw cells with Plexigl
walls (s) and for cells with Plexiglas and aluminum walls (h)
with a51.04 mm. The solid lines correspond to the fitted parabo
with zero origin to determine the fastest growing mode.
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thickest cell (a51.04 mm) demonstrate the significance
the thermal contribution to the density change. The region
instability increases when the aluminum wall is used, res
ing in a 27% higher growth rate and a 14% larger wa
number for the most unstable mode. Experiments with th
ner cells show that the region described by Darcy’s law m
increase up to 0.7 mm at the concentrations listed in Tab
as a result of the smaller rise in temperature. The tempera
dependence of the viscosity of the solvent water predic
small decrease in viscosity across the chemical front, wh
in principal, could destabilize planar fronts@17#. Its contri-
bution to the instability is, however, negligible with respe
to that of the net density change; therefore, viscous finge
plays no role in this system.

Finally we can conclude that simple convection arises
autocatalytic fronts of the chlorite-tetrathionate reaction
der the applied conditions, since upward propagating pla
fronts are stable at the entire range of gapwidth examin
The convective instability induced by solutal effects may
described by Darcy’s law up to 0.6–0.7 mm gapwidth w
the Navier-Stokes equation being necessary above this l
Upon increasing the thickness of the solution not only
c

, J

K

Z
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nature of fluid motion changes but also the effectiveness
the heat removal of the system. For an exothermic reac
the latter results in an increasing temperature rise at the fr
which decreases the overall density change via the ther
expansion of the solution. We believe that in this range
consideration of the temperature change, i.e., the inclusio
energy balance, is necessary in modeling equations for
taining quantitative agreement with experimental obser
tions. For qualitative description, the total density chan
should contain the solutal and thermal component appr
mated from the average temperature built up in the wake
the front.
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